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Abstract. In this paper, there have been synthesized the control algorithms in cascade control
systems. The control object is the robotic arm which is actuated by a servo motor presented
as an automatic cascade control system which is consisting of two loops. The use of multiple
loops is justified by the fact that with a single loop, only one parameter of the servo motor is
controlled, which leads to a decrease in the reliability of the automatic system. A case study
was carried out for a direct current electric motor, where proportional (P), proportional-
integral (Pl), and proportional-integral-derivative (PID) control algorithms were used, with P
and Pl applied to the inner loop, and P, PI, and PID to the outer loop. The system was
simulated with the synthesized algorithms and the results were analyzed, it was established
that the system has robustness and high performance for the case of using maximum stability
degree method with iterations.

Keywords: maximum stability degree method with iterations, proportional-integral-derivative
controller, automatic control system, cascade control systems.

Rezumat. In lucrare sunt sintetizati algoritmii din cadrul sistemelor de reglare in cascada.
Obiectul de reglare este bratul robotic actionat de un servomotor, prezentat ca un sistem
automat de reglare in cascada format din doud bucle. Utilizarea mai multor bucle este
argumentata de faptul ca, intr-un sistem cu o singura bucld, doar un singur parametru al
servomotorului poate fi reglat, ceea ce duce la o scadere a fiabilitatii sistemului automat. A
fost realizat un studiu de caz pentru un motor electric de curent continuu, unde au fost
utilizati algoritmi de reglare proportional (P), proportional-integrativ (PI) si proportional-
integrativ-derivativ (PID), cu P si Pl aplicate pentru bucla interioara si P, Pl si PID pentru bucla
exterioara. Sistemul a fost simulat utilizand algoritmii sintetizati, iar rezultatele au fost
analizate, stabilindu-se ca sistemul are robustete si performante ridicate in cazul utilizarii
metodei gradului maxim de stabilitate cu iteratii.

Cuvinte cheie: metoda gradului maximal de stabilitate cu iteratii, regulator proportional-
integrativ-derivativ, sistem de reglare automat, sistem de reglare in cascadd.
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1. Introduction

In recent decades, robots have passed a fast way in their evolution, one of the main
stages being the emergence of soft (flexible) robots. For actions such as grasping and
manipulating with objects, soft (flexible) robots realize much better with the passive
adaptation required due to unpredictability and changing environmental conditions. In other
words, while a rigid robot must be programmed in advance to capture an object, a soft robot
can do it on its own due to passive adaptation [1-3].

Although soft robotics technology has evolved in terms of mobility, tactile perception
is much more important for extending the manipulative capabilities of robots [4].

Tactile perception in robotics often faces problems of non-linearity, low receptor
density and/or lack of modularity, which prevents the adoption of a single solution.
Distributed data arrays obtained by tactile sensors address the low-density problem to some
extent, but they are usually limited to flexible boards or soft sensors with strongly non-linear
characteristics. Currently, the main challenge in this field lies in the development of sensor
models that can provide high-precision information for closed-loop control [1-5].

At the same time, the perception of touching the object by the robot can be realized
by following the parameters of the execution element, such as voltage, current of direct
current (DC) motors, servomotors etc. [5-8].

The servomotor is a commonly used as actuator element in the construction of robotic
arms due to its ability to provide precise positioning of the position of the arm or part of the
robot. A servo motor is a type of electric motor specifically designed to provide precise
positioning in a mechanical system. The field of use includes: robotic arms, robots, computer
numerical control (CNC) machines, aircraft, automobiles, industrial equipment, medicine etc. [7, 8].

2. Problem formulation
Given the mathematical model of a DC servomotor with permanent magnets, it is
described the second order with astatism transfer function [9-13]:

Hy(s) = ‘ (1)

S(TTes2+ Ty s+1)

where: k is transfer coefficient, T,,, — electromechanical time constant, T, - electrical time
constant.

In order to verify the hypothesis, that a single control loop of the servo output shaft
angle is not enough, a DC motor model with known parameters was used:

Maximum rotor voltage U, = 6 V.

Power P = 0.46 W.

Nominal rotations n,, = 2850 rpm.

Rotor current I,, = 0.076 A.

Engine torque M,,, = 0.0016 Nm.

The active resistance of the rotor R = 7.9 Q.

The moment of inertia of the motor J,, = 0.91-10~7 kgm?Z.

The transfer coefficient k represents the rotor voltage - angular speed of the motor
and is calculated based on the technical data by the expression:

= 539.77 (rpm/V).

g=l_o_n_ _ 2850
ke Up—aRI,  6-1.2:7.9:0.076

It is calculated the coefficient k, by the relation:
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k, =+=——=0.00185.

k - 539.77
The electromechanical time constant is calculated according to the relationship:

1 JaR _ 1 0911077-1.2:7.9

m ™ 955 k,ke  9.55 0.0176:0.00185

The coefficient k,, it is calculated by the expression:
ke _ 0.00185

m 0105  0.105

Inductance with B = 0.3 and p = 2 poles it is calculated by the relations:

L=3p % =30 093__—° __ —0.03969 H.
T pnlg 3.14 2:2850:0.076

= 0.00277 s.

= 0.0176.

The electrical time constant T, is calculated by the relation:
L _ 0.03968

T, === = 0.00502 s.
R 7.9
The coefficients are introduced in (1) and it is obtained the motor transfer function:
k 539.77
Hy(s) = Ty Tos2+Tms+1  0.00277 -0.0050252+0.00277s+1
539.77

T 1.39-107552+0.00277s+1"

In the motor coil the current changes according to the equivalent transfer function of
a simple inductor [8]:

Hy(s) = St — 25 (2)

Ls+R  0.003968s+7.9’

where: H;(s) is the transfer function of the current change in the motor coil (rotor), Ui, - the
voltage applied to the coil which must not exceed the maximum admissible voltage (6 V) for
the supply, L - the inductance of the coil and R - the resistance of the coil.

Due to the fact that astatism is present in the system (which occurs because the
rotations of the DC motor need to be converted into angular displacement) the P controller
was chosen as a simple solution and closer to the real object that was tuned using parametric
optimization.

As mentioned above, the motor supply voltage is 4.5 V, from this reason a saturation
element with limits between -4.5 and +4.5 V was introduced in the structural block diagram
of the system (Figure 1) [14].

I

Disturbance

539.77 1 T
. o 1 .
I P(s) f D.00001395% + 0.00277s + 1 > N » D

Step 1 Contraller SE DC motor TF astatism

h

L

| Scope 1

4.5
i 003968 + 7.9

DC motor coil TF
Figure 1. Structural block scheme of the automatic control system with one loop.

Figure 2 depicts the index step response of the automatic control system (curve 1), the
voltage applied to the motor generated by the controller P (curve 2) and the variation of the
current in the motor coil (curve 3).
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Figure 2. The response of the control system to the step signal with the
application of the disturbance.

Analyzing the curves from Figure 2, can be observed that a sudden increase the current
in the motor coil, both when the system is started and when the load disturbance is applied
at 0.5 s from start-up. According to the technical data of the motor, the maximum current of
the motor coil is 0.076 A, and on the transient process a peak of about 2 A is observed at
system start-up and about 2.5 A at the moment of applying the disturbance, which is
approximate 33 times greater the rated current. The duration for which the current exceeding
the allowed limit is approximately 0.1 s for the case of applying the load disturbance, during
which the power transistors fail to dissipate the amount of heat dissipate and often go out of
commission, motor coils usually hold up because they have a greater ability to dissipate
power on itself.

In order to make the control of the servomotors more efficient, the system with two
loops is proposed to use. The inner loop performs the control of the motor coil current, and
the outer loop control the rotation angle of the servo motor.

3. Synthesis automatic control algorithms for system with two control loops

Cascade control structures are used for control fast and slow processes with or without
time delay. The presence of many time constants in the transfer function of the fixed part
makes it difficult to use some typical control algorithms, which impose the compensation of
these time constants, by control algorithms containing several first-degree binomials. There
are given difficulties in the tuning of such control algorithms, taking into account the
negative effect that derivative components have on the system response (amplification of
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128 Cascade control algorithm of the robotic arm’s servomotor

noises) it is recommended to use cascade control structures. The structural block scheme of
the two-loop automatic control system with servomotor is represented in Figure 3 [15-23].

1()

UONG= CIONpINE AX%—H 2O b 25 Hoa(o) 240 os0) 4G

Figure 3. Structural block —scheme of the two-loop automatic control system.

Tuning the controllers in cascade control systems is done from the inner loop and then
it is performed in the outer loop.

Figure 4 presents the structural block scheme of the DC motor for controlling the
rotation angle.

u(t) 1 1t 1 o) | 1 a(t)
—> Is+R I ke ]—S > 3 —>
k2 Y

Figure 4. Structural block scheme of the DC motor.

In Figure 4, the following notations are used: u(t) is the command signal (supply
voltage), ﬁ - the transfer function of the electromechanical component (coil) of the motor,

k,- the torque coefficient of the motor, ]ls - the transfer function of the mechanical

component of the engine, k, - the viscous friction force coefficient, w(t) - the angular speed
of the rotor and a(t) - the rotation angle of the rotor shaft.

According to the structural block scheme of the DC motor, the expressions for the parts
Hy,(s) and Hy,(s) of the control object are following:

_ ky _ 539.77
Ho1(s) = Ls+R  0.039685+7.9’ G

1
Hop(s) = —L£—2=—_2 = . (4)

1+%k3 s Js+kss  0.91-10~7s2+0.002s’

A. Tuning the controller in the inner loop

In the inner loop, it is recommended to use controllers with a simpler structure than
in the outer one. Next, the synthesis of the P and PI controllers are presented according to
the maximum stability degree method (MSD). PD and PID controllers cannot be tuned by the
MSD method, because according to the methodology of the MSD method, the order of the
characteristic equation of the closed loop system must be greater than or equal to the number
of tuned parameters [24,25].

It is considered the inner loop represented in Figure 5.

539.77
] 4’@ > PE) > 0.03968s + 7.0 >

Step 2 Controller 2 Transfer Function 2 Scope 2

Figure 5. Structural block scheme of the inner loop.
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The procedure of tuning P and Pl controllers consists from following steps:

1. It is chosen one of the desired control laws.

2. The transfer function of the closed loop system with the chosen control algorithm
is obtained.

3. The characteristic equation of the closed loop is obtained.

4. The substitution p =-] in the characteristic equation is done.

5. Derivation on variable J of the characteristic equation from point 4 is performed a
number of times equal to the number of tuning parameters.

6. From the equation obtained in point 5, its roots are determined, which represent
the degrees of stability of the designed automatic system, and the value of the optimal degree
Jopt is the smallest real root, or the real part of the complex root.

/. Using J,p and the algebraic equations obtained in step 5, the parameter values of
the chosen control laws are calculated.

8. The performance of the designed automatic control system is verified by computer
simulation [24,25].

If the system performance is not satisfied by the analytical calculations, it is
recommended to use the maximum stability degree method with iterations (MSDI), which
consists in determining the analytical expressions of the tuning parameters, that depend on
the object’s parameters that are known and stability degree parameter, that is unknown and
there are obtained the dependencies k, = f,()), k; = f;(J).

At the variation of the stability degree J from for the P and PI control algorithms and
the sets of values are chosen from the obtained curves of the tuning parametersPand | J; —
kpi, kii. Next, the automatic control system with the chosen control algorithm is simulated
on the computer and there are obtained the transient responses, after which the highest
possible performance of the system is determined, which would satisfy the imposed
performance of the automatic control system.

If the performances of the system are satisfied, the synthesis procedure is finished, or
otherwise, the procedure starts from the beginning with another type of control law or
another tuning method.

For the calculation of the tuning parameters of the typical P and Pl controllers transfer
function (3) is presented in a generalized form:

539.77 k
H01(S) = 2

0.03968547.9  ags+ay’ (3)
. . 0 1

where k, = 539.77 is transfer coefficient, and the generic coefficients of the control object
are ay = 0.03968, that represents the time constant of the process and a; = 7.9.

Synthesis the P controller in the inner loop
The transfer function of inner closed loop with P controller is presented:

— HR(s)Hy;(s) — kpzk2 _ B®) (6)
1+HR(S)Ho1(5)  aos+ai+kprk  A(s)

0

where k,, is tuning parameter of the P controller.
The characteristic equation A(s) of the inner loop is:

ags+aq
ke

A(S) = aos + a1 + kpzk = + kpz = O (7)

According to the algorithm of maximum stability degree method, it is done the
substitution s=-] and it is obtained the expression:
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A=) =% 4 g, = 0. (8)

ko

For determining the tuning parameter of the P controller by the MSDI method from
expression (8) it is obtained the relation:
- agJ—a; _ 0.03968]—7.9 (9)

P2 Ty, 539.77

The variation of J from 0 to 300 means investigating the system's performance at
different levels of stability. Figure 6 illustrates the dependency of P controller parameter k,,,

on the stability degree J.
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Figure 6. Dependence k,; = fp2(J).

From sets of obtained values k,, = fp,(J), the values that provide the best
performance for the automatic control system are selected. Figure 7 depict the transient
responses of the system corresponding to different selected values of k.
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Figure 7. The step response of the inner loop with P controller.
Note: the transient responses labeled 1, 2 and 3 correspond to the No. iter. listed in Table 1.

In Table 1, there are presented the performances of the automatic control system of

the DC motor coil current with P controller.
In the case of the P controller, the steady-state error is high, because P controller

cannot be used in the inner loop.
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Table 1
Tuning parameters and performances of the automatic control system with P controller
No. iter. J ky,» t, (s) o (%) ts (s) n
1 240 0.003 0.0088 - 0.012 -
2 261 0.00455 0.0095 - 0.011 -
3 273.5 0.00546 0.0091 - 0.011 -

Note: ] - stability degree, k,, — P controller parameter, t, - rise time, o - overshoot, t; - settling time, n -
number of deviations from the set value.

Synthesis of the Pl controller in the inner loop
It is determinate the transfer function of the inner loop with Pl controller:

_ Hr(S)Hp1(s) _ (kp2S+kiz)ks _ B(®
Hoi = 1+HR(s)Ho1(s) ags?+ays+(kpzs+kiz)k; A (10)
where k,,, k;, are tuning parameters of the Pl controller.
The characteristic equation A(s) of the system is following:
2
A(s) = s(ags + a;) + (kpzs + kiky = 2 4 o5+ ki = 0. (11)
2

According to the algorithm of the MSDI method, it is done the substitution s = —J in
expression (11) and after some transformation it is obtained:

A=) = 2L ]+ kg = 0. (12)
ks
In the case of using Pl controller, it is necessary to derive equation (12) on the variable
J once and there are obtained the expressions:

Ko = 2ap/-a; _ 0.07936]-7.9

P27k, T 53977 (13)
_ —agJ?*+aq) _ —0.03968J%+7.9]
kig = =0 kel = —— 00— + kol (14)

At the variation the stability degree value J from 0 to 100, there are calculated and
constructed the curves ky, = f,2(J) si ki = fi2(J) for control algorithm PI (Figure 8).
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Figure 8. Dependencies ky; = f,2(J) and ki = fi2(J).

In the Figure 9, there are presented the transient responses of the system for the
different values of the k,, and k;,.
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Figure 9. The step response of the inner loop with Pl controller.

Note: the transient responses labeled 1, 2 and 3 correspond to the No. iter. listed in Table 2.

In Table 2, there are presented the performances of the automatic current control
system of the DC motor with Pl controller.

In the case of use the Pl controller in the inner loop, there are obtained the good
performances and the best was obtained for the 3™ iteration from Table 2.

Table 2
Tuning parameters and performances of the automatic control system with Pl controller
No. iter. J k> k;» T;s (s) t.(s) o (%) t (s) n
1 40.5 0.00868 0.8237 1.214 0.041 - 0.047 -
2 66.3 0.00489 0.9713 1.029 0.043 - 0.045 -
3 98.7 0.00012 0.7407 1.35 0.063 - 0.064 -

Note: / - stability degree, k,, - P controller parameter, k;, - | controller parameter, T;, - oscillation period of

the | component of controller, ¢, - rise time, o — overshoot, t; — settling time, n — number of deviations from
the set value.

B. Tuning controller in the outer loop

For tuning the controller in the outer loop, it is necessary to calculate the transfer
function of the fixed part, which is the product of the transfer function of the closed system
Hy(s) from the inner loop Hy;(s) and the transfer function of the mechanical component
Hy,(s) of the DC motor. In the inner loop, the PI controller will be used because, following
its tuning, the best results were obtained (Table 2, iteration 3).

Ho(s) = Hoi(s)Hoa(s) = —pztki)s . (15)

agS?+a,5+(kpps+kiz)k, azs?+ags = dos*+d,s3+d,s2+dss’
where ¢y = kyky, = 3.9996, ¢ = kyki, =892.77, dy = apa, = 3,61 1079, d; = agas +
+a,a; + azkprk, = 8.044-107°,  d, = ayaz + aykipk; + azkyk, = 0.0328  and  ds =
= ask;yk, = 1.7855.

The mathematical model of the control object is with advance first-order, inertia third
order and astatism. The structural block scheme of the outer loop of the automatic control
system is presented in Figure 10.
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0.000000003615* + 0.00008044s” + 0.03285” + 1.78555

[ ) PID(s) > 3.9996s5 + 892.77 > D

Step 3 ‘ Controller 3 Transfer Function 3 Scope 3

Figure 10. Structural block scheme of the outer Lloop.

The transfer function of the closed loop system is presented in the following form:

_ _Haq(s) _ HR(S)Hpp(s) _ HR (s)(cos+¢1) _ B(s)

HO(S) T 1+Hg(s)  1+4Hg ($)Hpp(s)  dos*+d;s3+dys2+dss+HR(s)(cos+ci)  A(s) (16)
where H;(s) = Hg(s)Hpr(s) is the transfer function of the open loop system, Hg (s) - transfer
function of the controller, where A(s) and B(s) - the system polynomials.

Next, it is presented the procedures for tuning P, Pl and PID controllers to the model
of object (15).
Synthesis of the P controller in the outer loop
The characteristic equation A(s) of the automatic control system is:
A(s) = dos* + dys3 + dps? 4+ dss + kpy (cos + ¢4) = 0, (17)
where k,, is a tuning parameter of P controller.

According to the algorithm of the MSDI method, it is done the substitution s = —J and
after some transformation it is obtained:

A(—]) — d0]4_d1]3+d212_d3] + kpl — O (18)

€1—CoJ

In the case of using P controller, it is necessary to derive equation (18) on the variable
J once and the following expression is obtained:
D(_]) — —3d0C0]4+]3(4d0C1+2d1C0)—]2(3d1C1+d200)+2d2C1]—d3C1
(c1—co))?
The value of the stability degree J,p is the smallest positive root of the equation:
—3dycoJ* + J3(4dycy + 2d4cy) — J3(3dycqy + dycp) + 2dycy] —dszcy = 0. (20)

For determination the tuning parameter of P controller from expression (18) there is
used the following relationship:

= 0. (19)

—doJ*+d,J3-d;J?+d3] _ 3.61-107%]%+8.044-107573-0.0328/2+1.7855]
c1—CoJ - 892.77-3.9996] )

Ky = 1)

0.0175

0.0150+

0.0125

0.0100 -

0.0075 -

0.0050 ~

P controller parameter k,,,

0.0025 -

0.0000 -

0 2 4 6 8 10
Stability degree J
Figure 11. Dependence k1 = f,1(J).

Journal of Engineering Science December, 2024, Vol. XXXI (4)



134 Cascade control algorithm of the robotic arm’s servomotor

At the variation the stability degree J from O to 10, there are calculated and
constructed the curves ky; = f,1(J) for the P control algorithm (Figure 11).

In Figure 12, the transient responses of the automatic control system with a P
controller in the outer loop are presented for different values of k,q, showing the rotation
angle of the servomotor’s output shaft.

)
o o o
ES > ®
: T

Rotation Angle (°

e
o

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Time (s)

Figure 12. The step response of the outer loop with P controller
Note: the transient responses labeled 1, 2 and 3 correspond to the No. iter. listed in Table 3.

Table 3 represents the performance of the automatic control system for controlling
the angle of rotation of the servomotor’s output shaft with a P controller.
Table 3
Tuning parameters and performances of the automatic control
system with P controller

No. iter. ] k,1 t, (s) o(%) ts(s) n
1 5.0 0.0093 0.579 - 0.615 -
2 7.0 0.0126 0.417 - 0.447 -
3 10.0 0.0175 0.297 - 0.321 -

Note: ] - stability degree, k,, — P controller parameter, t, - rise time, o - overshoot, t; - settling time, n -
number of deviations from the set value.

In the case of the system with P controller in the outer loop, there are obtained the

good performances, due to the astatism existing in the object, and the steady-state error is
zero (Table 3, iteration 3).

Synthesis of the Pl controller in the outer loop
The characteristic equation A(s) of the automatic control system with Pl controller is
following:
A(s) = dos® + dys* + dys® + dzs? + (kpys + kig)(cos + ¢1) = 0, (22)

where k4, k;; are tuning parameters of Pl controller.
According to the algorithm of the MSDI method, it is done the substitution s = —J and
after some transformation it is obtained:

A=) =

In the case of using Pl controller, it is necessary to derive equation (23) on the variable
J twise and it is obtained the expression:

—doJ>+dyJ*~dy )3 +ds]?

€1—CoJ

kpi) + kiy = 0. (23)
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A=) =

Wheredo = 12docg, dl = 4‘2d0C(2)C1 + 6d1C3,

dogJ®-dqJ%+dyJ*—d3]3+d )% —ds]+ds

(c1—co*

dz = 50d0COC% + 22d1C02C1 + Zdzcg, d3 =

=0, (24)

= ZOd()C:l3 + 28d1C0C12 + 8d2CgC1, d4_ = 12d1Cf + 12d2C0C12, d5 = 6d2Ci?’ + 2d3COC%, d6 =

= 2d3C13.

The value of the stability degree J,p is the smallest positive root of the equation:
doJ® — diJ® + dpJ* — d3)® + dyJ?* — ds] +dg = 0. (25)

For determining the tuning parameters of the Pl controller there are used the

following relationships:

k

_ 4-d0C0]5—]4(5d0C1+3d1C0)+]3(4-d1C1+2d2C0)—]2 (3d2C1+d3C0)+2d3C1] _

pl —

_5.77-10787°-0.000981%+0.47833-71.1021]?+3188.2215]

(c1—co))?

_3.61:10797°-8.044-10757%+0.0328/3-1.7855 2

(892.77-3.9996))2

dofS = dyJ*t + dy = dyf?
I N

ki
a=cf

J=

: (26)

892.77—-3.9996]

+hy). (27)

At the variation the stability degree J from 0 to 10, there are calculated and
constructed the curves ky; = f,,1(J) and k;; = f;1(J) for the Pl control algorithm (Figure 13).

0.14
0.12
0.10
0.08
0.06 4
0.04 A

0.02

Pl controller parameters k,,;, ;i

0.00 _—

Stability degree J

Figure 13. Dependence k,; = f,1(J) and ki; = fi1 ().

In Figure 14 are presented the transient responses of the automatic control system for

the different values of k,; and k;;.

12¢f

2 &
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Figure 14. Transient response of the automatic control system with Pl controller.
Note: the transient responses labeled 1, 2 and 3 correspond to the No. iter. listed in Table 4.
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In Table 4 are presented the performance of the automatic control system for
controlling the angle of rotation of the servo motor with a PI controller.

Table 4
Tuning parameters and performances of the automatic control
system with Pl controller
No. iter. Ji k,1 ki, Tiq1 () t.-(s) o(%) ts (s) n
1 3.0 0.01152 0.017 58.82 0.26 14.5 1.4 1
2 5.0 0.01867 0.0455 21.97 0.154 154 0.849 1
3 10.0 0.0347 0.1647 6.071 0.075 18.4 0434 1

Note: ] - stability degree, k,; — P controller parameter, k;; - | controller parameter, T;; - oscillation period
of the | component of controller, t, - rise time, o — overshoot, t; - settling time, n — number of deviations from
the set value.

In the case of the automatic control system with the Pl controller in the outer loop,
there are obtained the transient processes with overshoot, because of the presence of the
astatism component in the system. The best performances were obtained for the 3™ iteration
from Table 4.

Synthesis of the PID controller in the outer loop
The characteristic equation A(s) of the automatic control system with PID controller
is following:
A(s) = dos® + dys* + dys® + dzs? + (kgiS? + kp1s + ki) (cos +¢1) =0, (28)

where k4, ki1, kq1 are tuning parameters of PID controller.
According to the algorithm of the MSDI method, it is done the substitution s = —J and
after some transformation it is obtained:

A=) =

In the case of PID controller it is necessary to derive the expression (29) on the variable
J by the three times and there is obtained the following expression:

—doJ°+d,J*—-d,J3+d3]?

€1—CoJ

+ kdljz - kpl] + kil =0. (29)

dj°—djB+d,J7—d3JO+ds ) —ds]*+deJ3—d; ]2 +dg ] —dg

A(-)) = (c1—Co))® =0, (30)
where do = 24‘d0C0, d1 = 186d0C0C1 + 6d1C0, dz = 624‘d0C0 C12 + 4‘8d1C0C1, d3
= 1176dycjc3 + 168d,cic?, d, = 1344dycdci + 336d,cic3, ds = 930dyc3c? +

+414d,c3ct + 6d,cicd — 6dscic?,  dg = 360dycoc? + 312d,c3cy + 24d,cict — 24d;cgcs,
d, = 60dyc] + 132d,coc? + 36d,yc3c? — 36dscict,  dg = 24d,c] + 24d,coc? — 24d;cdc?,
dy = 6d,c] — 6d3cyc?.

The optimal value of stability degree J,,¢ is the smallest positive root of the
expression:

doJ° —dyJ8 +dy)7 —d3J® +dyJ® — dsJ* + dgJ? — d;]? +dg] — dg = 0. (31)

For the calculation tuning parameters of the PID controller there are used the

relations:

_ 4d0C0]5—]4(5d0C1+3d1C0)+]3 (4d1C1+2d2C0)—]2 (3d2C1+d3C0)+2d3C1]

ke E— +2ka), (32)
d S_d 4 d 3_d 2
ki = SRS )2+ (33)
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_ =90J°+91J°-9>]*+93]%-94]%+95]~ge
ka = 2(c1—co)* ’ (34
where Jdo = 12d0C(3), g1 = 4‘2d0C§C1 + 6dlcg, g, = 50d0COC% + 22d1C§C1 + ZdZCS’,

gz = 20dyc3 + 28d,coc? + 8dycicy, ga = 12d,c3 + 12dycoc?, gs = 6d,c3 + 2dscoc?, g =
= 2d3C13.

At the variation the stability degree value J from O to 50, there are calculated and
constructed the curves ky; = f,1(J) and kg = f41(J) for control algorithm PID (Figure 15).

PID controller parameters
kpl: klll kdl
N
=
i

0 10 20 30 40 50
Stability degree J

Figure 15. Dependencies k,1 = f1(J), kix = fin(J) and kg1 = fq1(D).

In the Figure 16 there are presented the transient responses of the automatic control
system for the different values of the tuning parameters k4, k;; and kg;.

Rotation Angle (°)
o o
(=] s =]

o
~

o
o

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Time

Figure 16. Transient responses of the automatic control system with PID controller.
Note: the transient responses labeled 1, 2 and 3 correspond to the No. iter. listed in Table 5.

In Table 5 there are presented the performances of the automatic servo motor rotation

angle control system with the PID controller.
For the system with the PID controller in the outer loop, the best performances are

presented in Table 5, iteration 3.

Journal of Engineering Science December, 2024, Vol. XXXI (4)



138 Cascade control algorithm of the robotic arm’s servomotor

Table 5
Tuning parameters and performances of the automatic control
system with PID controller
No. iter. J kp1 ki Tiz(s) ka1 (s) & (s) 6(%) ts(s) n
1 31.8 0.096 1.0387 0962 0.00092 0.029 15.2 0.182 1
2 348 0.1171 1.3865 0.721 0.00123 0.024 14.0 0.158 1
3 40.0 0.1593 2.178 0459 0.0018 0.017 14.6 0126 1

Note: ] - stability degree, k,, - P controller parameter, k;; - | controller parameter, T;; - oscillation period
of the | component of controller, k;; — | controller parameter, t, — rise time, o — overshoot, t, — settling time,
n - number of deviations from the set value.

Tuning the controller in the outer loop using the polynomial method

In order to gain a better understanding of the results obtained from tuning the
controller using the maximum stability degree method, the polynomial method was used in
the outer loop of the DC motor drive system. The synthesis procedure of the control algorithm
is reduced to the following steps:

1. The damping ratio is specified § = 0.707 and the settling time t, = 1s, and the

natural frequency of the outer loop is determined using the following relation:
4 4

w=== = 5.658 5L, (35)

£, 07071

2. The dominant poles of the outer loop are determined using the following relation:

P12 = —§0 fjw1 -8 = -4 1 j4. (36)
3. According to the polynomial method, the transfer function of the fixed part (15) of
degree n = 4 of the outer loop is represented in the form:

Hy(s) =

where: C7(s) = cos + ¢4, CT(s) =1, D7(s) = dys3 + dys? + d,s + d3, DT(s) = s and we
denote the degrees of the respective polynomials: ng- = 1, ng+ = 0, np- = 3, np+ = 1.

CoS+Cy _ CoS+Cq _ C(s)Cct(s)
dos*+d,s3+d,s2+dss  s(dos3+d,s2+dys+ds) D~ (s)D*(s)

(37)

4. The desired characteristic polynomial is constructed using the following relation:
Py(s) = C*(s)M(s) + D*(s)N(s)s, (38)

where: M(s) and N(s) are unknown polynomials that will be determined, and the component
s” introduces astatism (in this case, the degree of astatism is r = 0 because the astatism is
contained in the fixed part).

The degrees of the polynomials are denoted P,;(s), M(s) and N(s) np, ny, ny. The
coefficients of the polynomials M(s) and N(s) are determined from the system of algebraic
equations, which are obtained by equating the coefficients of the same powers on both sides
of the polynomial equation (38).

5. The degree of the characteristic polynomial is determined P;(s) from the condition
np == n = 4. For a simpler implementation of the control algorithm, the smallest values of
the degrees ny, ny of the unknown polynomials are determined. It is assumed n,, = 0 and
the degree of ny is determined from the conditions:

npSnM+nN+1,nN=np—nM—1=4—0—1=3 (39)

and to satisfy these conditions, the values of the unknown degrees are obtained ny, =
0 ny = 3. The unknown polynomials are presented in the form:

Journal of Engineering Science December, 2024, Vol. XXXI (4)



D. Moraru, I. Fiodorov, B. Izvoreanu, I. Cojuhari 139

M(s) = my, N(s) = nys3 + nys? + nys + ns. (40)
6. The desired characteristic polynomial of the outer loop is constructed using the
following relation:
Pi(s) =Ct(s)M(s) + DT(s)N(s) = 1-mg + s(nys® + ny;s? + nys + n3) =
=nys* + nys3 + nys? + ngs + my,. (41)
7. The characteristic polynomial of degree n =4 is constructed based on the
dominant poles:

Pga(s) =(s+4—ja)(s+4—j4)(s +30)% = s* + 68s% + +1412s + 9120s + 28800.

8. The polynomials P,;(s) = Py4(s) are equated, and the system of algebraic equations
is constructed by equating the coefficients of the same powers of s on both sides:

nos* + nys3 + nys? + ngs + my = s* + 68s% + +1412s + 9120s + 28800,
ne = 1,n; = 68,n, = 1412, n3 = 9120, m, = 28800.

9. The transfer function of the controller is constructed using the following relation:

Q) _ D (s)M(s) _ (dos3+dys2+dys+dz)mg oS3 +q15%+qys+q3
Hp(s) =

P(s)  C-(s)N(s) (cos+c)(ngs3+n,s2+n,s+mg) - DoS*+p153+p,52+p3s+p, -
0.00010453+2.31675%+944.645+51422.4

= 42)

T 3.99965%+1164.742853+66355.795252+1297067.5925+8142062.4"

In Figure 17 are presented the transient responses of the automatic control system
tuned using the polynomial method.

Rotation Angle (°)

0.2

0 | | | | | L | L L
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Time
Figure 17. Transient response of the automatic control system
tuned using the polynomial method.

As a result of the simulation, the following system performance was recorded: rise
time t, = 0.58 s, overshoot d = 6.30 %, settling time t, = 0.58 s. and deviationsn = 1 s.

4. Conclusions

This study demonstrated the design and implementation of a cascade control system
for a DC servomotor used in robotic arm applications. The research focused on tuning and
optimizing controllers for both the inner and outer control loops, using methods such as the
Maximum Stability Degree with Iterations and the Polynomial method.
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The proportional controller in the outer loop, combined with the inner loop P
controller, exhibited the best overall performance in terms of rise time (t, = 0.297) and
settling time (t; = 0.321 s). This configuration proved particularly effective for systems with
astatism, offering rapid, and robust responses to both reference and disturbance signals.

The inner loop's performance with a Pl controller demonstrated significant
improvement in transient behavior, achieving better system stability and reduced steady-
state error compared to the P controller.

The outer loop's use of Pl and PID controllers achieved satisfactory results but
introduced overshoots in transient responses due to the inherent characteristics of the
system. Despite this, the PID controller yielded the most accurate positioning, making it
suitable for applications requiring high precision.

The polynomial method was successfully applied to tune the controller in the outer
loop, providing enhanced accuracy in system performance. This method offered flexibility in
adjusting system dynamics, ensuring precise tuning for desired response characteristics.

The research highlights the practical benefits of implementing a cascade control
system in robotic applications, demonstrating its ability to reject disturbances effectively.
Although the current two-loop control system provides satisfactory performance in terms of
stability and response time, further improvements can be achieved by introducing a third
control Lloop to regulate the rotational speed of the motor. This additional loop would allow
the output shaft angle of the servomotor to change at different speeds and minimize speed
fluctuations caused by external disturbances or load variations.
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