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Abstract. In this paper general formulas for the likelihood function have been derived in the
case when uncensored/censored statistical data refer to the lifetime of serial-parallel and
parallel-serial type networks when the lifetimes of the system units are independent,
identically distributed random variables, the number of subsystems and the number of units
in each subsystem are random variables with power series type distribution. The formulas
can be applied to obtain maximum likelihood estimators for the parameters of the lifetime
distribution of the mentioned networks. The results are illustrated by examples of concrete
probabilistic models.
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Rezumat. In lucrare au fost deduce formule generale pentru functia de verosimilitate in cazul
in care datele statistice necenzurate/cenzurate se refera la durata de viata a retelelor de tip
serial-paralel si paralel-serial, cand duratele de viata ale unitatilor sistemului sunt variabile
aliatoare independente, distribuite identic, numarul de subsisteme si numarul de unitati din
fiecare subsistem sunt variabile aliatoare cu distributie de tip serie de puteri. Formulele pot
fi aplicate pentru a obtine estimatori de verosimilitate maxima pentru parametrii distributiei
duratelor de viata ale retelelor mentionate. Rezultatele sunt ilustrate prin exemple de
modele probabilistice concrete.

Cuvinte cheie: distributia duratei de viatd, Distributie de tip Serie de Puteri, retele serial-paralelele
si paralel-seriale, functia de verosimilitate, estimator de verosimilitate maximad.

1. Introduction

The problem of obtaining maximum likelihood estimators for the lifetime distribution
parameters of serial-parallel and parallel-serial networks first requires knowledge of the
likelihood function based on both uncensored and censored statistical data. Since dynamic
probabilistic models have already been launched and researched for the mentioned networks,
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following which the most general analytical formulas were obtained [1], it is natural that they
have a similar continuity in the case of the likelihood function.

2. Auxiliary notions and results

Here are the results from [1] that we will continue to rely on. It is about the two
networks type A, serial-parallel and type B, parallel-serial [1], [2], according to Figure 1.

The general probabilistic model, in the case of both networks, assumes the following:

-the lifetimes of the network units are non-negative, independent, identically
distributed random variables (i.i.d.r.v.) with the cumulative distribution function (c.d.f.) F (x)=
Fx(x, M, where parameter A € < R;

-the number M of subnets is a r.v. with possible values from the set of natural numbers,
of the Power Series Distributions class (PSD) [3], [4} with the power series function B(w) =

Yims1 bmo™, with the radius of convergence, t > 0, i.e, P(M =m) = I;m(—z:l,bm >0,m=
1,2,..,0w € (0,7);
- the numbers N, of units in the subnets k=1, 2, ..., M are O-truncated , i.i.d.r.v., of

class PSD, with power series function, A(0) = Y. ,»1 a,,0™, with the radius of convergence, t >

0,ie, P(N, =n) = TEZ) a,=0n=12..,0 €(0,1);

-the lifetimes of the network units and the numbers M, N, k=1, 2, ..., M are completely
independent r.v.

Figure 1. Schematic representation of serial- parallel and parallel-serial networks: a) Serial-
Parallel Network scheme; b) Parallel-Serial Network scheme [1].

From [1] we will call on the following:

Propositon. The cumulative distribution functions U(x; A,oc,w) ) and V(x; A, o, w) ) of
the lifetimes of the networks, respectively, of serial-parallel type and parallel-serial type, can be
calculated according to the formulas:

_ _ 4 _ Bw(1-A(BF(x;)) / A(6))
Ulx; A, c,w) =1 ) (1)
. _ B(w(1-A(B(1-F(x;4))) / A(6))
V(x; A,0c,w) = B (@) (2)

Remark. Because c.d.f. U(x; A4,c,w)), as the lifetime distribution of serial-parallel

network,
coincides with c.d.f. of the r.v. mm( max X;;, max X, ..., max Xiy) and V(x; A, ¢, w) ),
SIsNpy

<isNq " 1si< N,
as the lifetime distribution of the parallel-serial network, coincides with c.d.f. of the r.v.
max(17<rlz£7llv Xll’fﬁi% Xi2, ""1?}<11<}MX‘M) where Xj, i=1, .., Nj, j=1, .., M are lifetimes of all

units, r.v. M € PSD with power series function B(w) and Ny, N, ..., Nv are i.i.d.r.v.asr.v. N € PSD
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with power series function A(9), the distributions U(x; A,oc,w) ) and V(x; A, ¢, w) ) will be
called, respectively, Min-PSD(Max-PSD) and Max-PSD(Min-PSD) lifetime distributions in
network reliability [1].

These general formulas allow us to determine, in practice, the likelihood function for
any concrete serial-parallel or parallel-serial type network model, considered as a particular
case of the models described above. We note, that from the Ec. (1)-(2) we have the following
result [1].

Consequence. [f the lifetime of each unit is a r.v. of (absolutely) continuous type, then the
lifetimes of the respective networks will be r.v. of (absolute) continuous type too. At the same time,
if the lifetime of each unit is a r.v. of discrete type, then the lifetimes of the respective networks
will be r.v. of discrete type too.

3. Likelihood function based on uncensored data

Let us consider the sample of size n of uncensored data (x;, x;, ..., X;) of the lifetimes of
a network of type A or B. The fact that the data are uncensored means that the values x;, x,
.., Xn represent the results of n observations made on the lifetime of the network from the
start of its operation until its failure. The likelihood function is defined based on the
Maximum Likelihood Principle, according to which: if a random event has occurred, then it
means that this is the event with the highest probability to occur.

In the assumption that c.d.f. of the lifetime of each unit of the network depends on a
parameter, let’s say, A, i.e., F (x) = F(x; A). Then Ec. (1) - (2) show that the distributions of
network lifetimes, generally, depend on 3 parameters, A, 6, w.

Casel. The lifetime of each units is a r.v. of (absolute) continuous type

Most of the probabilistic models that aim at the lifetime of the networks we approach
start from the assumption that the lifetime of each unit is a r.v. of absolute continuous type.
So, according to our Consequence, the lifetime of the network will also be a r.v. of absolute
continuous type. This means that, having the Ec. (1) - (2) at our disposal, we can determine
the probability density function (p.d.f.) of the lifetimes for serial-parallel networks and serial-

parallel networks, respectively, according to the formulas:
dau(x; Aoc,w) av(x; A,0c,w)
dx dx )
This means that the respective likelihood functions will be written as follows:

u(x; oo, w) = , v Ao, w) =

Ly(xy,x2,..., X A oc,0) = [Ticqu(xp; 4, ¢, @) (3)
Ly(x,x2,...,%p A,c, @) = [ v(x5 4, 0, @) 4)

Example 1. We will take as a special case of the models described by us, the case
when the number of subnetworks M is not random, but is constant, being equal with natural
number M, and the number of units N; in the subnetwork number i =1, ..., M is also constant
, being known and equal to a natural number N. Therefore, formally, we can consider that M
is of the PSD class with the power series function B(w) = w" , but also that N is of the PSD
class with the power series function A(©) = 9" . We assume, for example, that the lifetime of
each unit is exponentially distributed r.v. with parameter A > O, i.e., with c.d.f. F(x)=(1-¢

M) jo00(X).-
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The problem arises of constructing a maximum Llikelihood estimator (m.L.e.) for this
parameter, having available the experimental data of the lifetimes (x;, x;, ..., x,) aimed at the
results of the operation of n identical serial -parallel or parallel-serial networks.

Solution. Substituting in the Ec. (1)-(2) the concrete expressions of the functions F(x),
A(©) and B(9), we deduce that in this case the lifetime c.d.f. of the serial-parallel and parallel-
serial network are, respectively,

UG AL N,M) =1- (1 - (F (x))N)M =1- (1 - (1- e—“)N)M Iprey(x) (5

N1M
Vs AN,M) = [1- (1 - F)'| = - em )M 0 () ©6)

According to the above Consequence, because the lifetime of each unit is (absolutely)
continuous r.v., we deduce that the lifetimes of our networks are (absolutely) continuous r.v.
with, respectively, probability density functions

u(e N, M) = =2 = (MND)e ™ (1 — e ¥)N1 (1- (1= e )M Mg o (x)

av _
v A,N, M) = —— == MNAe 3 (1 — e =40 ) g om0

So, Likelihood function, corresponding to the continuous data, for serial-parallel

network is
n

Ly(xy, x5 ,..., % AN, M) = 1_[ u(x; AN, M) =
k=1

(MNA)Y"e AN Ema % 4 Hn (1-e25) 7 (1= (1 — e AxyNyM-1
k=1

and for parallel-serial network is
n

Ly(xy, %3 ,.00,%; AN, M) = 1_[ v(xg; A, N, M) =
k=1

(MNA)ne—/INZﬁqxzc Hn (1 _ e—Aka)M_l
k=1

By the definition, the maximum likelihood estimator (m.Le.) for the parameter A,
parameters M, N being known, represents that value A for which the likelihood function takes
its maximum value (see Maximum Likelihood Principle) [5]. For M > 1, N>1 , our likelihood
functions can be maximized using numerical methods only, but for M = 1, otherwise, when
the parallel-serial network is always more reliable than the serial-parallel network, this
problem can be explicitly solved for the parallel-serial network. Indeed, in this case, the
maximum likelihood estimator (m.Le.) A for the parameter A, our likelihood function can be
maximized, solving likelihood equation:

:—AlnLV(xl,xz o0 Xp; N,A) =0
i.e., equation
Z[n(nN +In2) = TP, ANx ] =0 e,

n n
——Nz X, =0
A k=1 ¢

In this way, for paralel-serial network, we find that

2 n
ml.el=———
NZZ:lxk
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Case 2. The lifetime of each units is a r.v. of discrete type

The Ec. (1) - (2) being valid also when the lifetime of the network units is r.v. of discrete
type, then, according to our Consequence, the lifetimes of the networks will of discrete type
too. More precisely, if the lifetime X of each unit is this, for example, a r.v. with values from
the set {0,1,2, .., k, ..} given by the parametric probabilistic distribution P; (X =
k),where , (X =k) >0, k=0,1,2,..., YXxso P» (X = k) = 1, then the lifetimes U and V of
our networks will also be r.v. of discrete type too, with the possible values from the same set.
Because for any integer value x from the set of possible values, for example, for r.v. U, we
have that c.d.f. is equal with U(x; A, ¢, w) = Yg.k<x Proww (U = k), it turns out that for the
lifetime U of the serial-parallel network

Py (U=0)=U(0; A,0,w), and
Pjocw U=k)=Uk; L, c,w) —U(k —1; A,c,w), fork =1 7)

Analogously, for the lifetime V of the parallel-serial type network

Pruw (V=0)=V(0; 4, w), and
Prow V=k)=V(k ,c,0) —V(k —1; A,c,w), fork > 1 (8)

According to the Maximum Likelihood Principle in Case 2, using Ec. (7) - (8), the
respective functions for serial-parallel and parallel-serial networks will be written as follows:

LU(xlle y---yxn; /1) CX:IQ)) = ‘;(l=1P/1,OC,w (U = xk)' (9)
Ly(x1, %5 00,205 A,oc,0) = [[Ro1 Procw (V = xi) (10)
where Py, (U =xg) and P, ., (V = x;,) are calculated according to the Ec. (7) - (8).

Example 2. We will consider the same model as in Example 1, with the difference that
the lifetimes are random variables, independent, identically distributed geometrically with
the parameter A, 0<A<1, i.e,, lifetime is a r.v. given by distribution

PLX=k)=A1-Dkk=012,..
So, for each x, x=0,1,2, ..., c.d.f.
F(x; 1) =X, A(1 —Dk=1—- (1 —n)*+1
Using Ec. (5) - (6) we find that
P U=k = (1= (1= A=D)) = (1 - (1 - 1= DY, fork = 0

Replacing these probabilities, respectively, in the Ec. (9) - (10), we obtain the
corresponding Likelihood Functions for serial-parallel and parallel-serial networks. As they
show, m. L. e. A can only be found by numerical methods.

4. Likelihood function based on censored data

In Statistics data are called censored when the value of an observation is partially
known. This is usually the case in survival/reliability analysis, where the time to a certain
event is of interest, but for some studies, the event has not yet occurred at the time of
analysis. For example, if we are studying the lifetime of a product, the censored data would
be cases where the product is still working at the end of the study period, so we do not have
an exact value for lifetime.

There are several types of censorship [6,7]:

v Right-censoring. We don't know what happens after a certain point.
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v Left censoring. Left-censored observations occur in life test applications when a
system has failed at the time of its first inspection; all that is known is that the unit
failed before the inspection time. We have no information about what happened
before a certain point.

v" Interval censoring. We know that the event occurred within a certain interval, but we
do not know the exact time.

Censoring is important because it affects how we analyze and interpret data. Statistical
methods must be adapted to account for the incomplete information provided by censored
data. It is important for us to know that in the case of censored data, the Likelihood Function
is written more simply, because regardless of the type of data (discrete or (absolutely)
continuous), we only need the c.d.f. of the observed variable.

Regarding our case, when the lifetime Y, given by c.d.f. Fy(x), targets serial-parallel or
parallel-parallel networks, the censored data is represented by random events of the form:
{Y < a}, i.e, the data is left censored; {a <Y < b}, i.e., the data is interval censored, {Y > b},
i.e., the data is right censored, where 0<a<b<+o, Otherwise, since the lifetime is a non-negative
r.v., we note that both left censoring and right censoring can be considered special cases of
interval censoring. Indeed: probabilities of these events are equals to

P{Y < a} = Fy(a), P{a <Y < b} = Fy(b) — Fy(a), P{Y > b} = 1 — Fy(b).

So, we may solve the problem of writing the Likelihood Function. For this, it is
sufficient to know the following information:

(1) the a and b, as the values that determine the 3 types of data censoring;

(2) the c.d.f. Fy(x) of the lifetime Y, also known as a function, that depends on 3
parameters, more exactly, Fy(x) = Fy(x; 4, o, w);

(3) the probabilities P{Y < a}, P{Y > b},P{a <Y < b};

(4) the sample size n of data and the numbers n;, n; and ns, respectively, of the left,
interval and right censored data, where ni+n; + ns=n.

Then, according to the Maximum Likelihood Principle, Likelihood Function
corresponding to the censored data of lifetime Y is done by the formula:

Ly(ny,np,ng; A o0, ) =
[Fy(a; A oc,)]™] = [1 — Fy(a; A, oc, )] = [Fy(b; A, oc, ) — Fy(a; A, oc, w)]™s.

Replacing in this formula c.d.f. Fy(x; A, oc,w) with cdf. U(x; A, c,w) or cdf.
V(x; A,oc,w ), given by the Ec. (1)-(2), we obtain Likelihood Functions for serial-parallel and
parallel-serial networks.

Remark. The above likelihood function represents the case when the data are censored
on 3 intervals, but it can be extended, similarly, to the case when the number of censoring
intervals is greater than 3. This will be illustrated in Exemple 3.

Example 3. We will consider the same model as in Example 1, with the difference that
we have n cenzored data, where number of left cenzored data with the threshold a is equal
with n;, the number of censored data by interval (g,b] is equal with nsand number of right
cenzored data with the threshold b is equal with ns, a>0, a<b<+o, n;+n, + ns=n. Then, on the
base of Ec. (11), using, respectively Ec. (5)-(6), the Likelihood Functions for serial-parallel and
parallel networks may by write, respectively, as

Lu(nl,nz,ng,' }{,N,M =
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(L) * {1 -(1- (1 — e—zla)N)M}m {[(1 B (1 B e‘“)”)]M

n,!Iny!Ing!
~1(1- (1~ e—Ab)N)]M}nz e {[(1- (1 — e 20y)]"yns a1
o LV(n;;’ :Lllz,ng; A,N,M) =M .,
(rmr) (L= )] 11— ) = (1= ey (12

[1- (1 - )]

To find out the m.Le. A for the parameter A we will take the case when the parallel-
serial networkis more reliable than serial parallel, i.e., the case when, according to the work
[1], N<M. For example: N=2, M=3, and as the unit of lifetime we will take 1 year. To test the
algorithm for obtaining a maximum Llikelihood estimate for the parameter A, we simulate
Monte Carlo [8]-[15], using Chat GPT 4, values of the lifetime of our network in the case, for
example, when A =0.2, i.e., when the lifetime . of each unit in the network has an average
value equal to 1/ A =5 years. Here are the simulated values written as a variational string in
ascending order:

(1.23,1.67,1.89, 2.34,2.56,2.78,2.89,3.12,3.45,3.78,4.01,4.23,4.56,5.01,5.34,5.67,5.89,
6.12,6.45,6.78).

We assume that these data are censored according to the values a=2 years and b=4
years. So, we assume that we have at our disposal, from a total number of n = 20 data, n;=3
data censored on the left, n,=7 data censored on the interval (2,4] and ns;=10 data censored
on the right. Then the Likelihood Function is

|
Ly(3,7,10; 1,2,3) = 3'T010' x((1—e™*)3)3 «
[(1-e™®)" = (1-e™)7+ [1 - (1 - e 8)]10

By means of the Mathematica 14.0 we find that value of A for which the Likelihood
Function takes its global maximum, that is, we find that m.l.e. 1=0.0882487. Comparing it
with the true value of A=0.2, we find that the approximation is not so good. So it's a problem
related to the nature of censorship.

Now, on the base of the above simulated data, we assume that these data are censored
according to the values a=2 years, b=4 years and ¢=6 years. That means we assume that we
have at our disposal, from a total number of n = 20 data, n;=3 data censored on the left, n,=7
data censored on the interval (2,4], ns=7 data censored on the interval (4,6], and n.=3 data
censored on the right. If in the previous case we had data censored on 3 intervals, now we
will have to deal with data censored on 4 intervals. The method of calculating the Likelihood
Function being similar, we find that

% ((1 _ e—4/’l)3)3 % ((1 _ e—8/1)3 _ (1 _ e—4/1)3)7 %
s(1-(1- e—12/1)3)3

Now, also by means of Mathematica 14.0, we find that value of A for which the
Likelihood Function takes its global maximum, i.e., we find that m.Le. 1=0.214796
satisfactorily approximates the true value of the parameter A=0.2.

20!
3171713!

LV(3I 71713; )\) 2! 3) =
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5. Conclusions

General formulas in Eq. (1)-(2) for determining c.d.f. of lifetimes is a large source of
dynamic probabilistic models for serial-parallel or parallel-serial networks, but also a basis
for writing the Likelihood Function, when the data are uncensored or censored. Writing the
likelihood function for censored data becomes simpler, because it does not depend on the
type of lifetime as r.v. (discrete or continuous), using only c.d.f. But the problem of finding an
m.lL.e. which approximates as well as possible the true value of the unknown parameter is
complicated, because it is difficult to match the censoring intervals. The fact that matching
the censoring intervals is difficult, even when we rely on simulation data, shows us that in
the case of real problems the use of maximum likelihood estimators must be done with great
caution if the choice of censoring intervals does not have a mathematical reasoning.
However, this is a problem that deserves to be researched more deeply. The examples given
show that finding the maximum likelihood estimators becomes a maximization problem that
can be solved, as a rule, by numerical methods.

These results were presented at the International Conference on Electronics,
Communications and Computing, ECCO 2024, 17-18 October, Chisinau, Republic of Moldova.
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